Early diagnostics of cobalamin (Cbl, vitamin B 12 ) deficiency is primarily based on measurements of the relevant metabolic markers in blood plasma-total B 12 , specific Cbl-saturated transporter holo-transcobalamin (holoTC), and substrates of Cbl-dependent enzymatic reactions methylmalonic acid (MMA) and homocysteine (Hcy). Concentrations of B 12 and holoTC decrease whereas MMA and Hcy increase under deficiency. Yet, the results of individual tests are often contradictory and do not guarantee unambiguous diagnosis. The current work describes the metabolic manifestation of vitamin B 12 deficiency in terms of flux equations fitted to data sets from literature. The model mathematically connects all the markers and presents 4 independent measurements as a single point (x, y) in the combined coordinates x = (holoTC·B 12 ) ½ and y = ½log 10 (MMA·Hcy). Pairwise averaging compensates for the individual fluctuations of the markers caused by (1) irregular spikes of holoTC, (2) delayed change of the total plasma B 12 buffered by an internal Cbl depot, and (3) variations in the production/ excretion velocities of MMA and Hcy. Bivariate distribution of the marker combinations (x, y) reveals several peaks of frequency in the analyzed mixed population. The peaks seem to represent the reference subgroups with different B 12 physiology and characteristic values of "wellness parameter": w = log 10 (holoTC n ) + log 10 (B 12n ) − log 10 (MMA n ) − log 10 (Hcy n ), where concentrations are normalized (eg, MMA n = MMA/MMA normal ). Dynamic response of the organism to B 12 intake is quantified and described as an additional analytical tool when classifying uncertain cases. The discussed mathematical approaches are of general applicability in diagnostics.
Introduction
Vitamin B 12 , or cobalamin (Cbl), is an important cofactor in human metabolism. Its uptake from dietary sources (meet, milk, etc) requires an intricate transportation mechanism, which involves several specific protein carriers and receptors [1] [2] [3] [4] . Two major transporters of B 12 in blood are transcobalamin (TC) and haptocorrin (HC) [1, 2, 4] . Transcobalamin is involved in distribution of B 12 between different tissues, and the level of holo-transcobalamin (holoTC; TC·Cbl complex) increases after intake of a new portion of the vitamin [5] . Later on, a part of the assimilated Cbl reappears in blood bound to the second carrier HC [1] . The function of the latter is not completely elucidated, but storage of B 12 and scavenging of B 12 analogues are often mentioned in this context [1, 2, 4] .
Hereditary or acquired damage of the transportation chain causes gradual Cbl depletion. Among the consequences of B 12 deficiency are (1) hampered conversion of methylmalonic acid (MMA) to succinate [6] and (2) deactivation of folate by "methyltetrahydrofolate trap" [7] . The earliest symptoms of B 12 insufficiency include accumulation of MMA and homocysteine (Hcy) in blood contributing to vascular pathogenesis. The later stages of the disease reveal different neurologic disorders and/or anemia [7] [8] [9] [10] . Without treatment, the outcome is lethal.
The B 12 deficiency becomes a growing public health problem in parallel with the increase of elderly population, where approximately 15% suffer from mild to severe symptoms of the disease [8] . Because the evident signs of B 12 deficiency appear relatively late and are often accompanied by irreversible damage to the nervous system, the metabolic detection of the disease at an early subclinical stage is of primary importance [8, 9] .
The laboratory evaluation of B 12 status follows different strategies whose advantages and disadvantages are intensely debated [8, 9, [11] [12] [13] [14] [15] [16] [17] . Measurement of the total B 12 in blood plasma (Cbl-saturated HC [holoHC] + holoTC) has been used for decades because of the simplicity of the method. At the same time, the level of total B 12 poorly correlates with other indications of the vitamin insufficiency [8, 9, [11] [12] [13] [14] [15] [16] [17] . Another approach is based on measurement of B 12 -related metabolites, MMA and total Hcy, usually increased under Cbl insufficiency [6, 7, 9 ]. Yet, the abnormal levels of MMA and Hcy are often not related to low B 12 (see for example reviews by Baik and Russell [8] and by Carmen et al [9] ).
It has also been hypothesized that the Cbl-saturated transporting protein holoTC (present in plasma) is a better indicator of the true B 12 status when compared with the 3 previously mentioned markers [18] . Therefore, the recent appearance of a sensitive test on serum holoTC in several modifications [19] [20] [21] was followed by intensive examinations of holoTC levels in different groups of patients. Some authors found a better predictability of B 12 status using holoTC test [13, 17, 20, 22] , whereas others disclaimed superiority of holoTC analysis [15, 16, 22] .
Application of biochemical markers for an early detection of B 12 deficiency is becoming widespread [6, 8, 9, [11] [12] [13] [14] [15] [16] [17] 20, 22] because clinical indications are inconclusive unless the disease becomes life-threatening [9] . For example, absence of correlation between the clinical and metabolic signs was established for patients in the transitional phase [9, 12, 22] . Presently, there is no clearly superior strategy of an early detection of Cbl deficiency. All biochemical markers (total plasma B 12 , holoTC, MMA, and Hcy) are often measured to examine the Cbl-related metabolism in general terms. This "extensive" approach is now routinely used in many clinical laboratories [11] [12] [13] [14] [15] [16] [17] 20, 22] . At the same time, interpretation of the obtained results presents some difficulties. By common assent, identification of the high risk group is based on the approximate threshold limits, for example, holoTC, less than 35 pmol/L; B 12 , less than 150 pmol/L; MMA, greater than 0.5 μmol/L; and Hcy, greater than 15 μmol/L. Yet, indications from 4 independent tests frequently contradict each other, compromising accuracy of diagnostics in the absence of one criterion standard (discussed by Carmel et al [9] ).
The current publication attempts to improve diagnostics of B 12 deficiency by connecting all metabolic indicators within a network of fluxes and analyzing them simultaneously. Effect of B 12 on the steady-state concentrations of metabolites is simulated in different coordinate systems, and the curves agree with the experimental database. Best correlation is achieved using the averaging surface, which presents the data for each individual as a single point positioned with higher precision. The reduced dispersion facilitates statistical analysis, and the detected frequency peaks are suggested as the metabolic fingerprints of different (sub)clinical phenotypes. Ambiguous steady-state measurements are additionally examined for their dynamics because differentiation compensates the major error of steady-state analysis according to modeling. The produced reference tables and charts are expected to facilitate practical diagnostics based on metabolic measurements.
Methods

Glossary
Populations: Hlt-healthy, HltB-healthy treated with B 12 , Sus-suspected of being B 12 deficient, and Veg-vegans.
Subgroups with different B 12 status: e-excellent, nnormal, t-transitional, d-deficient, and p-pernicious.
Parameters of a metabolic flux: v i -velocity of a flux numbered as i, V i -maximal v i ; K i -half-saturation coefficient of a quasi-hyperbolic flux, k i -slope coefficient of a quasi-linear flux, and S i -substrate of flux v i .
Metabolites in schemes: M 1 -holoTC, M 2 -holoHC, and S-MMA or Hcy.
Fitting parameters P i : combinations of rate constant described in Eq. (9a, 9b, 9c).
Combined variables: x = (holoTC·B 12 ) ½ ; y = ½log 10 (MMA·Hcy); and w = log 10 (holoTC n ) + log 10 (B 12n ) − log 10 (MMA n ) − log 10 (Hcy n ), wellness parameter, where variables correspond to the normalized concentrations; for example, MMA n = MMA/MMA normal .
Analyzed data sets
The data sheets containing plasma concentrations of holoTC, total B 12 , MMA, and total Hcy in healthy individuals and patients were kindly provided by the authors of the original publications [14, 17, 22] . The data included 3 populations, preselected according to the criteria below. None of the examined persons was clearly B 12 deficient, yet some of them had metabolic or/and clinical signs of the vitamin deficiency.
The first group [14] represented apparently healthy volunteers. Measurements of 4 markers were undertaken at first visit (day 1) and after receiving several oral doses of B 12 (3 × 9 μg/d for 5 days). The final measurements were performed at day 8. Two sets of data obtained from the same group at day 1 or day 8 were called population Healthy (Hlt) or population Healthy + B 12 (HltB), respectively.
Another large group [22] included individuals suspected of being B 12 deficient because of increased concentration of MMA (N0.28 μmol/M) measured in other context within 4 years before examination. A significant part of this group (61%) had at least one clinical sign potentially related to B 12 deficiency at first visit [22] . Yet, none of the patients was clearly deficient and received B 12 treatment. The authors also found no association of clinical symptoms and biochemical indications within this group called here Suspected (Sus).
The third population [17] represented generally healthy vegans who did not have a history of serious medical disorders. The concentrations of B 12 expressed in nanograms per liter [17] were recalculated to picomoles per liter using coefficient ×1/1.35. This data set was called Vegans (Veg).
Further selection was performed before the current analysis. Thus, individuals (1) lacking measurements of one or more markers, (2) characterized by increased plasma creatinine (N100 μmol/L), or (3) with unreliable determination of either holoTC (b1 or N500 pmol/L) or B 12 (N1000 pmol/L) were excluded. Finally, the following data sets were analyzed: Hlt (n = 74), Sus (n = 647), and Veg (n = 144).
Statistical analysis and fitting procedures were performed with help of a computer program KyPlot 5 (KyensLab Inc., Tokyo, Japan).
Methods of mathematical analysis
General principles of flux approximation
Measurement of a metabolic marker in blood reflects its current steady-state concentration. The latter is determined by velocities of ingoing and outgoing fluxes within a network of metabolic processes (examples in Fig. 1 ). One individual metabolic branch (flux v) may include either one reaction (eg, S→P) or a sequence of reactions (eg, S→X 1 →X 2 … →P). Velocity of such process is often approximated by a quasi hyperbole, a line, or an empiric LinLog function v = a' + b'·log(S) (see Legent et al [23] and Wu et al [24] for discussion). The current publication argues for the following flux equations:
where V is the maximal velocity of flux and K is the constant of half-response to S. Both V and K are combinations of different rate constants within the corresponding flux. The mathematical background of Eqs. (1), (2) , and (3) is presented in "Appendix A" ("Mathematical justification of flux equations"). The equations are generic and applicable to any flux disregarding the number of elementary steps within it. The shape of the curve v vs S (hyperbolic, quasi-hyperbolic, linear, or logarithmic) depends on the combination of internal rate constants [23] and cannot be predicted without the intimate knowledge of each individual step. In the absence of such knowledge, a few trials are required to reach a fair correlation between the model and the experimental data. The approach to approximation of a data set is unique in each particular case, although there are a few guidelines. Thus, the hyperbolic function Eq. (1) is expected to give a relatively accurate approximation [23] ; yet the mathematical solution of a system of hyperbolic equations can be very complex. Linear approximation Eq. (2) is convenient in terms of mathematics and is sometimes sufficiently accurate [23] ; however, it would always give a noticeable deviation at saturating S. Logarithmic function Eq. (3) is sufficiently accurate and has simple mathematics, yet the flux velocity v becomes negative at low S (which restricts the diapason of application to S/K N0.1). The simplest model includes fluxes v 0 , v 1 , and v 2 (part of scheme 1 in Fig. 1 ) and follows the generally accepted route of Cbl circulation (see reviews by Allen [1] , Fedosov [2] , Moestrup and Verroust [3] , and Nexø [4] ). It comprises (1) It is easy to demonstrate that such kinetic scheme stipulates the slope of linear component equal to 1 (ie, K 34 = 0; see Eq. [5] below), whereas the unconstrained fitting gave a value of 1.9 ± 0.2 ( Fig. 2A) .
This inconsistency was circumvented using a branched model (scheme 1 in Fig. 1 The steady-state balance of M 2 (holoHC) was described by the below equation:
After a few simple transformations, M 2 was expressed via M 1 (considering Cbl dep = K T1 ·M 1 ); and the total plasma B 12 was presented as M 2 + M 1 :
where
More detailed interpretation of the model and its coefficients is given in "Results" and "Discussion." Note that the assignment k 2 = 0 or k 4 = 0 makes no difference to the fitting behavior of Eq. (5).
Transitional effects in scheme 1
In a real situation, occasional unbalanced fluctuations of M 1 and M 2 are possible. The transitional (non-steady-state) kinetics would be revealed in coordinates total B 12 vs M 1 ( Fig. 2) as deviation of B 12 from zero at M 1 → 0. Therefore, expression Eq. (5), suitable only for a stationary case, was substituted by the equation with floating zero:
where δM 1 is proportional to the concentration of Cbl dep , either absorbed by the depleted depot 1 without any leakage of holoHC (δM 1 b0) or provided by the saturated depot 1 as a surplus flow of holoHC (δM 1 N0). Detailed mechanisms of the above effects are not specified because of lack of information. Exchange of Cbl via depot 2 remains unaffected.
Dependence of MMA and Hcy on Cbl (scheme 2)
Turnover of a blood plasma metabolite S (substrate of Cbl-dependent reaction) is depicted in scheme 2 ( Fig. 1 ). It considers presence of one influx, v 1s (production of S), and 2 effluxes, v 2s and v 3s . The influx v 1s corresponds to either synthesis of MMA in the course of degradation of fatty acids [6] or production of Hcy after methylations involving Sadenosylmethionine [7] . The first outgoing branch, v 2s , reflects excretion or/and enzymatic consumption of S with no relation to Cbl [6, 7, 27, 28] . The second efflux, v 3s , represents the Cbl-dependent reaction (either methylmalonyl-coenzyme A mutase for MMA or methionine synthase for Hcy) [6, 7] . Equilibriums in scheme 3 ( Fig. 1 ) connect the extracellular and intracellular pools of Cbl, which makes scheme 3 a component of scheme 2. Tissue distribution of the 3 fluxes is not specified because the plasmatic and intracellular pools of S are connected via a single constant, K eq . Introduction of the latter does not change the general appearance of the final fitting function (see the analogous issue in scheme 1). The designed model aims to express S or log(S) as a function of Cbl using the steady-state balance below:
Eq. (7) cannot be solved algebraically using exclusively hyperbolic approximations of v i via Eq. (1). Combination of hyperbolic and linear functions was also abandoned because of an inadequate fitting of the experimental data in Fig. 3 (not shown). The satisfactory solution was, however, achieved using LinLog functions ("Extended solution of scheme 2" in "Appendix A"). The influx of S (v 1s ) was set as a constant parameter because this assumption simplifies the solution but does not affect the appearance of final equation. Expression of log 10 (S) as a function of Cbl is derived in "Appendix A":
Notation of variables is as follows: S = MMA or Hcy; X = holoTC, B 12 , or (B 12 ·holoTC) ½ . Parameters P i are combinations of constants:
where v 1s is a constant; V 2s , V 3s , K 2 , and K 3 are the maximal velocities and the corresponding half-saturation coefficients of the fluxes v 2s and v 3s (scheme 2); and
and K Cbl /K BT are the ratios of equilibrium constants consistent with the chosen variable X = total B 12 , holoTC, or (B 12 ·holoTC) ½ , respectively. Note that P i s do not specify the ratios S/K i , and the obligatory requirement of the LinLog kinetics (S/K i N0.1) is never violated under the data fitting.
If the P 3s values in Eq. (8) for log(MMA) and log(Hcy) dependencies on X (Fig. 3A , B, C) turn out to be similar, the 2 functions can be averaged, maintaining the hyperbolic shape of the produced curve. Otherwise, the sum of 2 hyperboles multiplied by ½ is the correct answer. In the present case, equivalence of P 3s was very probable (45%-78% according to t test of the data in Table 1 ); and the single-hyperbole approximation was used:
where y = ½log 10 (MMA·Hcy); x = X; P 1 = ½(P 1MMA + P 1Hcy ); P 2 = ½(P 2MMA + P 2Hcy ); and P 3 ≈ P 3MMA ≈ P 3Hcy . (8) and (10) . See the main text for details. The optimal fits are depicted by thick lines. Thin lines illustrate behavior of the system with altered v 1s and V 2s . See scheme 2. Ellipses in panel D include 68% of the subgroups p, d, t, n, and e (with assumed pernicious, deficient, transitional, normal, and excellent B 12 status). Centers and radii of ellipses correspond to μ i,xy and ± σ i,x ± σ i,y , respectively.
The dependence starts at the point with coordinates x = 0, y = P 1 and tends to x→∞, y → (P 1 − P 2 ) with the half effect at x = P 3 ( Fig. 3) .
Application of the combined coordinates x, y for the data fitting reduces both horizontal (x) and vertical (y) dispersion because each experimental point originates, in fact, from 4 measurements instead of 2.
Statistical analysis of distributions
Probability distribution of a variable (x) is often presented as a frequency polygon to detect skewed or polymodal shape. The frequency distributions of B 12 markers (Fig. 4) were examined in this way for presence of multiple subgroups. The charts were fitted by a sum of Gaussian functions [29] [30] [31] :
where f (x) is the frequency of measurements registered at x; F i is the local frequency peak; μ i represents the x coordinate of F i peak (the mean of a subgroup); and σ i is its standard deviation. Simultaneous analysis of 4 metabolic markers of B 12 deficiency necessitates application of multivariate statistics. A bivariate case was considered where distribution of points with coordinates x = (holoTC·B 12 ) ½ and y = ½log 10 (MMA·Hcy) on the surface x, y was analyzed (Fig. 5) . The positive skewness introduced by multiplication of variables was compensated by square root and logarithmic transformations [30, 31] . The data were fitted by a sum of bivariate Gaussian functions [29] :
where each individual function z i(x,y) describes a peak of frequency Z i with maximum at x = μ i,x , y = μ i,y and the standard deviations σ i,x , σ i,y directed along the corresponding axes. Eq. (12) ignores correlation between x and y, which is sufficiently accurate within a local area of the x,y surface and/or at −0.3 b R b 0.3.
Dynamics of metabolic response
In the previous sections, concentrations of plasma B 12 , MMA, and Hcy were related to holoTC using the fitting functions in Figs. 2A and 3A . This connection stipulates the relative changes of all components in response to altered B 12 intake, which increases holoTC by 1% (TC +1% = 1.01·TC 0 ). The concentrations and relative sensitivities (S − S 0 )/ S 0 ·100% of metabolites (S = B 12 , MMA, or Hcy) were calculated within a wide interval of holoTC, and the simulated curves were plotted as functions of (holoTC·B 12 ) ½ (Fig. 7A ). The marker with the highest response (in absolute units) is the most sensitive indicator of B 12 absorption.
Another aspect of dynamic changes concerns the global metabolic response to B 12 intake. Differentiation of Eq. (10) gives an estimate of such effect:
The value of dy/dx (the response coefficient) quantitatively describes the dynamics of Cbl-dependent metabolic network when moving from one steady state to another (see "Results" and "Discussion" for more details).
Results
Dependence of total plasma B 12 on holoTC
Three populations (Hlt, Sus, and Veg; "Methods") were analyzed as one set of points covering gradual transition between B 12 -saturated and B 12 -depleted metabolic states ( Fig. 2A) . Each individual was depicted as a point according to his/her marker values. Dependence of total B 12 on holoTC was adequately fitted by Eq. (5) derived in accordance with scheme 1 (Fig. 1) . Parameters of the best approximation (μ ± SE) were as follows: V d1 = 207 ± 26 pmol/L (total plasma B 12 proportional to the maximal efflux from depot 1); K d1 = 12 ± 4 pmol/L (concentration of plasma holoTC that guarantees half-maximal efflux of holoHC from depot 1); K 34 = 0.88 ± 0.16 (a constant related to equilibrium M 1 ↔ M 2 via depot 2 and excretion). The global fit in Fig. 2A deviated from the experimental results at low holoTC, where points from populations Sus and Veg were situated above and below the tendency curve, respectively. Therefore, the 2 data sets were analyzed separately (Fig. 2B, holoTC b50 pmol/L) using the equation of transitional kinetics (Eq. [6] with floating zero). The linear coefficient (K 34 + 1) was assigned to 1.9 in accordance with the fit from Fig. 2A . The following parameters of best approximation (μ ± SE) were obtained: Sus V d1 = 201 ± 32 pmol/L, K d1 = 5.6 ± 9 pmol/L, and δM = 3.5 ± 16 pmol/L (Fig. 2B, dash-dotted line) ; and Veg V d1 = 106 ± 32 pmol/L, K d1 = 14 ± 21 pmol/L, and δM = −7.7 ± 5.8 pmol/L (Fig. 2B, long dashes) . The population Sus had high V d1 and positive δM, which corresponded to the saturated depot 1. Vegans were characterized by low V d1 and negative δM, which were interpreted as the depleted depot 1 (see "Discussion" for the details). ½ . The theoretical background of the chosen coordinate systems is described in "Methods." Fittings by Eq. (8) (Fig. 3A, B, C) and Eq. (10) (Fig. 3D ) are shown as thick solid lines, and the parameters of best approximation are presented in Table 1 . Comparison of 4 different 2-dimensional (2D) coordinate systems demonstrates that averaging of variables (Fig. 3D) essentially improves goodness of fit (compare R 2 in Table 1 ). Altogether, the suggested model described the data much better than the linear function (eg, MMA vs holoTC, R 2 = 0.054, not shown).
The parameters of best approximation P i (Table 1) and Eqs. (9a), (9b), and (9c) were used for complete description of the metabolic system under a few additional assumptions. Thus, the influx v 1s was set to 1. The half-saturation coefficients of S excretion (K 2 ) and Cbl-dependent conversion (K 3 ) were equated to 5·S normal and S normal , respectively (see subscript to Table 2 ). These assumptions are based on the idea that catalytic conversion of MMA and Hcy via v 3s prevails under the normal conditions, whereas increase in metabolite concentrations accelerates excretion via v 2s [27, 28] . The shown K i values satisfy the requirement of S/ K 2 and S/K 3 greater than 0.1; that is, all LinLog fluxes are positive. Finally, the values of V 2s (maximal excretion), V 3s (maximal velocity of Cbl reaction), and K X (half-saturation with the extracellular Cbl) were estimated ( Table 2) and used in the analysis below of disturbing effects, irrelevant to Cbl.
Thus, evaluation of B 12 status solely by MMA or Hcy is weakened by the objective source of error-existence of Cbl-independent fluxes v 1s and v 2s . Scheme 2 helps to simulate the response of S to their change (Fig. 3, thin lines ). All charts demonstrate that manipulations with the S influx (v 1s ) significantly shift the tendency curve either upward (1.5·v 1s ) or downward (0.5·v 1s ). The region in between includes most of the experimental points. Comparison of panels in Fig. 3 clearly displays decreased dispersion of points in the averaging coordinates (Fig. 3D) , where only a few results fall outside the boundaries 1.5·v 1s and 0.5·v 1s . Simulation of the changed S excretion (2·V 2s or 0.4·V 2s ) shows its low impact on the system (Fig. 3) especially at high concentrations of holoTC and B 12 . The above analysis means that the major source of error is variation of the production velocity (v 1s ) but not the excretion velocity (v 2s ). The latter process is potentially related to renal function. For example, a decreased value of v 2s might correspond to renal dysfunction (if this syndrome is confined to kidney but does not reflect some general metabolic disorder). This subject deserves a separate investigation, which is beyond the scope of current publication. The presented model adequately described biochemical transition between the normal and B 12 -deficient metabolism. Statistical analysis of the data was then undertaken to find the most frequent combinations of the markers corresponding to different stages of Cbl-depletion.
Distributions of holoTC, B 12 , MMA, Hcy, and analysis of reference groups
The monovariate probability distributions of 4 markers in preselected Hlt, Sus, and Veg populations [14, 17, 22] were depicted as frequency polygons (Fig. 4) . The obtained distribution patterns pointed to a nonhomogeneous composition of the populations. The data were approximated by a sum of Gaussian functions (Eq. [11] ), and the regression Table 2 Parameters of the metabolic networks described by scheme 2 The values were calculated assuming v 1s = 1; log 10 (K 2 ) = 0 and log 10 (K 3 ) = −0.7 for MMA; and log 10 (K 2 ) = 1.7 and log 10 (K 3 ) = 1 for Hcy. a Mean value of log 10 (K 2 ) for MMA and Hcy was used to calculate the apparent V 2 .
b Mean value of log 10 (K 3 ) for MMA and Hcy was used to calculate the apparent V 3.
fitting confirmed the presence of several frequency peaks. They corresponded to subgroups called excellent (e), normal (n), transitional (t), and deficient (d) (see tags in Fig. 4 ). This classification suits the approximate threshold limits presented in "Introduction," which separate the assumed healthy individuals (n + e) from the potentially deficient patients (d).
The subgroups had a dynamic nature revealed by oral administration of B 12 to healthy individuals. Such treatment caused redistribution of frequency in favor of the e subgroup; see comparison of the population Hlt (before) and HltB (after B 12 intake) in Fig. 4 .
Monovariate distributions in Fig. 4 demonstrated noticeable overlaps of some peaks even in the preselected groups. Therefore, the pooled data set (Hlt + Sus + Veg) was analyzed in the averaging coordinates x, y (Fig. 5A) , where dispersion of points is reduced. The 3-dimensional (3D) surface fitted by Eq. (12) revealed several major peaks: e, n, t, d, and p (position of p group is approximate because of its low representation). The peaks were assumed to be the metabolic fingerprints of different (sub)clinical groups ( Table 3 ). The 2D ellipses in Fig. 4D graphically indicate the areas of μ i,xy ± σ i,x ± σ i,x incorporating 68% of the representatives from each group. The shown boundaries were used to evaluate the characteristic concentrations of the markers associated with these subgroups (Table 3) .
The detailed clinical description of the found subgroups was not undertaken because the earlier work conducted on the population Sus found "no association between the biochemical markers and symptoms possibly related to vitamin B 12 deficiency" [22] , although many participants responded biochemically to B 12 treatment. Fig. 5B shows a practical example of how B 12 status should be assessed in x, y coordinates. Result for a fictive patient (star symbol) was placed on the x, y surface; and the distance to the neighboring peaks μ t and μ n was measured in σ units (2.6 σ t and 0.8 σ n , respectively). The corresponding tail areas under the standard Gaussian curve indicated 42% and 1% probability of equality with peaks n and t, respectively.
A less elaborate analysis of the data is also possible. Thus, the hyperbolic model (Fig. 3 ) subjected to LinLog transformation ("Mathematical justification of flux equations" in "Appendix A") predicts linear dependence of the data if working in full logarithmic coordinates. The chart in Fig. 5C uses this feature and introduces the wellness parameter w as a novel characteristic of Cbl-related metabolism: w = log 10 (holoTC n ) + log 10 (B 12n ) − log 10 (MMA n ) − log 10 (Hcy n ). This expression is based on the logarithmic presentation of the geometric mean of 4 normalized markers (eg, MMA n = MMA/MMA normal ). Its value is strongly associated with the B 12 status (Fig. 5C , R 2 = 0.82) expressed via pairwise combinations of the markers. Description of the subgroups by w coefficient is eyecatching (Fig. 5C, Table 3 ). For example, w = 0 ± 0.5 indicates a nearly normal metabolism, whereas more negative values (w b −1) point to B 12 deficiency.
Cutoff thresholds and receiver operating characteristic curves of the individual markers
The 4 independent metabolites have different ability to predict B 12 deficiency. Therefore, they were examined separately using the wellness parameter w as the criterion standard, which sorted all individuals into the groups assumed deficient (w ≤ −0.516) and assumed healthy (w N −0.516). The obtained distributions (Fig. 6A) revealed the optimal cutoff values (Fig. 6A, vertical lines) for the individual markers. According to the performed analysis, a patient should be considered as B 12 deficient (Fig. 6A , dark area) at holoTC less than or equal to 36 pmol/L, total B 12 less than or equal to 207 pmol/L, MMA greater than or equal to 0.38 μmol/L, and Hcy greater than or equal to 14.7 μmol/L if diagnosis is based on a single marker. Reliability of such prediction decreases in the range holoTC, MMA, B 12 , and Hcy, as follows from the area under curve values of receiver operating characteristic (ROC) curves (Fig. 6B) . Two most reliable markers (holoTC and MMA) are suitable for determination of B 12 status using a shortened variant of Table 3 Metabolic characteristics (mean ± SD) of the subgroups found within the pooled population Hlt + Sus + Veg (Figs. 3A and 5A The values are very close to (b) half-saturation parameter K d1 of depot 1 in the mixed population ("Dependence of total plasma B 12 on holoTC," Fig. 2A ) and concentration of total B 12 maintained exclusively by depot 1 (V d1 ) in (c) population Veg ("Dependence of total plasma B 12 on holoTC," Fig. 2B ) and (d) mixed group ("Dependence of total plasma B 12 on holoTC," Fig. 2A ).
a Wellness (w) and w T/M parameters were calculated using the concentrations of metabolites normalized by division by the corresponding normal concentrations; for example, MMA n = MMA/MMA normal .
wellness parameter w T/M = log 10 (holoTC n ) − log 10 (MMA n ) ( Table 3) if measurements of all 4 markers are difficult.
Dynamics of metabolic response
If the steady-state analysis cannot provide a clear-cut result, the dynamic approach appears to be a valuable tool of refined diagnostics.
Simulation of metabolic responses to B 12 administration
Interdependence between 4 markers (Eqs. [5] and [8] , and Figs. 2A and 3A) helped to simulate their sensitivities to absorption of B 12 . Assuming that the intake of B 12 causes an increase in holoTC by 1%, the corresponding responses of other metabolites were calculated ("Methods"). The produced curves (Fig. 7A) indicated that the sensitivities depended on the initial B 12 status. Thus, the best sensors of B 12 uptake for the transitional metabolism were holoTC and MMA; but under extreme vitamin saturation, B 12 showed a better performance than MMA.
The global metabolic response was simulated by differentiation of the steady-state approximation function (Fig. 3D) that strictly stipulates the effect of changing B 12 on concentrations of the enzyme substrates. In other words, the shape of the steady-state curve (expressed as dy/dx) is treated as a B 12 -dependent variable. The produced differential curves (Fig. 7B) were obtained using Eq. (13) and the fitting parameters from Table 1 (data for Fig. 3D ). Whereas the essential dynamic changes (dy/dx ≤ −0.01) characterized B 12 -deficient condition, the response of normal and excellent groups was sufficiently close to zero (dy/dx N −0.003) (see thick solid line in Fig. 7B ). Behavior of the derivative dy/dx was affected by Cbl-independent fluxes (thin lines with tags). In contrast to coordinates y vs x (Fig. 3D) , the effect of v 1s on the differential function was moderate (Fig. 7B) ; and the major source of disturbance was the flux v 2s . In other words, presentation of data in the steady-state and differential coordinates suppresses fluctuations of different Cblindependent fluxes.
Analysis of the experimental results
Hvas et al [14] , working with Hlt individuals, described the effect of B 12 administration on the plasma holoTC, B 12 , MMA, and Hcy. The concentrations measured at first visit were notated as day 1 and, after receiving B 12 , as day 8 (see "Methods" for details). The relative sensitivities were calculated S % = (S day8 − S day1 )/S day1 ·100% and related to holoTC (eg, S %MMA /S %holoTC ). The mean results are shown in Fig. 7A (gray symbols). They correlated with the simulated curves, although high dispersion of the experimental data (eg, μ ± SE for Hcy in Fig. 7A ) precluded accurate interpretation.
Global metabolic response to B 12 treatment (ie, transition from day 1 to day 8) is analyzed in Fig. 8A . Derivatives δy/ δx were calculated for each individual (see triangle in Fig.  8A ), and the obtained results are shown in Fig. 8B. Both Fig.  8A and Fig. 8B contain also the tendency curves (thick lines) from previous fittings in Figs. 3D and 6B , respectively. Most of the measurements at day 1 (A, open diamonds) were classified as "normal" or "excellent." However, 9 individuals (Fig. 8A , filled diamonds) appeared in the transitional region. Two of them had also relatively low wellness coefficients (№ 1, w = −0.66; № 2, w = −0.34). All 9 responses (Fig. 8B, filled circles) were compared with the Gaussian distribution of δy/δx (Fig. 8B, inset) ; and the individuals № 3, 6, 7, and 9 were classified as "normal," whereas № 1, 2, 4, 5, and 8 seemed to be deficient because their responses were below the 95% confidence limits of n + e group (see "Discussion." for details).
Discussion
The main purpose of the present investigation is to make diagnostics of B 12 -related disorders unambiguous despite at times contradictory indications from 4 independent tests. Therefore, the commonly accepted metabolic markers of B 12 deficiency, measured in a broad population sample, were assembled in one working field and subjected to kinetic and statistic analysis. The results are discussed in terms of the metabolic effect, laying the foundation for a novel diagnostic approach.
Metabolic connection of plasma B 12 and holoTC
Dependency of the total plasma B 12 on concentration of holoTC ( Fig. 2A) was analyzed in the joint group (Hlt + Sus + Veg). The fitting model is shown in scheme 1 (Fig. 1) , where 2 storage compartments (depot 1 and depot 2) mediate exchange of Cbl between the pools of TC and HC. Depot 1 seems to be a specific depository (possibly related to liver) saturated with Cbl at low concentration of holoTC. At maximal saturation, this storage provides an efflux capable to maintain approximately 200 pmol/L steady-state concentration of holoHC in blood plasma. This value coincides with B 12 in the transitional subgroup (Table 3) , where depot 1 still supplies the necessary vitamin minimum. The other storage (depot 2) is regarded as an unspecific surplus depository, possibly present in different tissues. It accumulates Cbl at high concentration of the vitamin in blood and maintains the ratio holoHC/holoTC ≈ 1.
Scheme 1 describes an ideal steady state, where occasional fluctuations of holoTC are ignored. Yet, they seem to play an essential role under experimental measurements, where a deviation of total B 12 from zero was found at holoTC → 0 (Fig. 2B) . The obtained results were interpreted as the ability of depot 1 to "buffer" total plasma B 12 . Thus, Sus individuals seemed to have a relatively saturated depot 1, able to maintain total B 12 at the level of ≈100 pmol/L despite a sudden fall of holoTC to less than 5 pmol/L (Fig. 2B, dashdotted line) . On the contrary, the group Veg had depleted depot 1, which absorbed up to 8 pmol/L of plasma holoTC without any efflux of Cbl (Fig. 2B, long dashes) . An essential delay in the response of total B 12 to the fastchanging holoTC concentration causes occasional contradictions between these markers, as discussed by Herbert et al [18] in an early work. The reason for plasma holoTC fluctuations is unknown, but changed uptake and/or regulated secretion to blood might be the explanations.
MMA and Hcy as functions of B 12 and holoTC
A steady-state network (scheme 2, Fig. 1 ) approximated the dependence of MMA and Hcy on plasma Cbl in the pooled data set Hlt + Sus + Veg (Fig. 3) . Behavior of the model was tested under different conditions. It was found that the Cbl-dependent utilization of S (flux v 3s ) was not the only metabolic branch affecting the steady-state concentrations of MMA or Hcy (S). Thus, small changes in the production velocity (v 1s ) caused noticeable shifts (Fig. 3 , thin curves with v 1s tags), whereas the effect of excretion velocity (v 2s ) was conditional (Fig. 3, thin curves with V 2s tags) . In other words, changes of v 2s and especially v 1s , although irrelevant in terms of Cbl-metabolism, present a hindrance for correct evaluation of B 12 status if based exclusively on measurements of either MMA or Hcy.
Compensation of errors
The performed analysis revealed 3 major sources of errors negatively affecting diagnostics of B 12 deficiency: (1) transitional fluctuations of holoTC, (2) delayed response of total B 12 to these fluctuations, and (3) variations in the Cblindependent production and excretion fluxes of MMA and Hcy. The expected random character of these disturbances allows, however, their partial compensation by pairwise averaging of the variables according to Eqs. (A7), (A8) ("Appendix A"), and (10) ("Methods"). After the suggested transformation of coordinates (Fig. 3D) , the coefficient of determination (R 2 in Table 1 ) essentially increased because of lower dispersion of points around the tendency curve. This would facilitate detection of the reference subgroups characterized by frequent combinations of the markers. Therefore a comparative analysis of probability distributions was conducted in 2D/3D coordinates.
Probability distributions of subgroups and assessment of B 12 deficiency
On the first step, the markers of B 12 deficiency were analyzed independently as the standard monovariate distributions (Fig. 4) . Fitting of the separate data sets Hlt, Sus, and Veg by a sum of Gaussian functions exposed several frequency peaks present within each population (Fig. 4) . The corresponding subgroups were not associated with age, sex, or any other eye-catching feature and, therefore, were ascribed to difference in B 12 status. In most cases, the frequency peaks significantly differed from the means and medians of populations.
To avoid overlaps of the distribution peaks, visible in 2D coordinates (Fig. 4) , bivariate analysis was performed in the averaging 3D coordinates to reach a better resolution (Fig.  5A ). This approach revealed e, n, t, d, and p peaks even working with the pooled data set (Hlt + Sus + Veg). Existence of several clusters may be interpreted in terms of stable and unstable physiologic states, where peaks of frequency represent the metabolic fingerprints of stable metabolic systems.
Association of a patient with a metabolic group can be estimated by either the distance between his/her marker point and the nearest maximum (Fig. 5B) or the value of wellness parameter w (Fig. 5C , Table 3 ). The latter coefficient includes all 4 markers and is convenient for interpretation. Thus, positive or slightly negative values indicate normal metabolism, whereas more negative values suggest B 12 deficiency; for example, w = −0.5 for transitional and −1.5 for deficient groups. One unifying variable also simplifies computer-based sorting of the data during automated analysis of large populations.
Detailed clinical characterization of each detected subgroup was hardly possible because clinical symptoms are diffuse unless a severe B 12 deficiency is developed [6, 9, 22 ]. Yet, the metabolic groups e, n, t, and d were compared in terms of hemoglobin concentration taken as a marker of anemia (data from Hvas and Nexø [22] ). The 68% representative regions (ellipses in Fig. 3D ) were used to select the samples. Comparison of the hemoglobin data by the nonparametric Kolmogorov-Smirnov test revealed a very low probability (P b .01) of equal distribution for the pairs d ≠ n, d ≠ e, t ≠ n, and t ≠ e, whereas the pairs d = t and n = e were likely to be equal (P ≈ .7). The deficient group (d) had low hemoglobin monomer concentration (μ ± SE = 8.13 ± 0.20 mmol/L, n = 15) approaching anemia (b8 mmol/L), whereas the "normal" individuals (8.73 ± 0.05 mmol/L, n = 97) were well within the normal boundaries (8-10 mmol/L).
Reliability of separate markers and simplified assessment of B 12 deficiency
The complete metabolic analysis involving all 4 markers is not always convenient from the practical point of view. Therefore, the predictive potential of separate markers was examined in terms of their cutoff thresholds and ROC curves (Fig. 6 ) using the wellness parameter w as the criterion standard ("Cutoff thresholds and receiver operating characteristic curves of the individual markers"). The obtained cutoff limits of holoTC, MMA, and Hcy (Fig. 6A) were close to those reached by general assent ("Introduction"). Only the threshold of B 12 from the present analysis (207 pmol/L) deviated from the commonly used value of 150 pmol/L. The latter is historically based on clinical indications and probably reflects a higher degree of deficiency than that of the transitional metabolic state. Reliability of the individual markers decreases in the order holoTC, MMA, total B 12 , and Hcy, according to the produced ROC curves (Fig. 6B) . Good characteristics of holoTC and/or MMA are often mentioned in the literature [9, 12, 13, 20, 22] , and holoTC/MMA-based coefficient w T/M (shortened wellness parameter, Table 3 ) may provide a substitute for the full-scale test.
Analysis of metabolic response
Determination of the steady-state concentration of a metabolite is a well-known method to characterize the related biochemical or physiologic processes. At the same time, application of the dynamic metabolic perturbations as a diagnostic tool is relatively rare. The section below discusses details of this approach in terms of sensitivity of the individual markers and their global response to B 12 uptake.
The markers of B 12 deficiency have different sensitivities to altered intake of the vitamin. Naturally, the B 12 absorption test performs better with the most responsive reporter. The experimental attempts to detect such reporter were unfortunately compromised by high dispersion of the results [14] . Therefore, the theoretical estimation, based on a much larger database of the steady-state measurements, was carried out in the present publication. The performed modeling (Fig. 7A) demonstrates that holoTC is the most sensitive indicator of B 12 absorption throughout the whole scale. Relative changes of other markers (B 12 , MMA, Hcy) are dependent on the initial B 12 status and do not give the ultimate answer.
The fact that metabolic changes of the markers correlate with the initial B 12 status may be particularly useful in diagnostics of B 12 deficiency, especially in doubtful cases [9] . Intuitively, a small dose of B 12 given to a Cbl-deficient patient would cause a significant perturbation, whereas a healthy person would not respond at all. Differentiation of the combined steady-state function y (x) from Fig. 3D expresses these deductions in the exact units of global response: dy/dx ≈ −0.002 at normal B 12 and dy/dx b −0.01 under deficiency (Fig. 7B) . In addition, differentiation is advantageous in another aspect. Most outliers of the steadystate measurements originate from the changing influx v 1s , which shifts the tendency curve either upward or downward (Fig. 3) , generally maintaining its shape. Differential function dy/dx is insensitive to such transposition (see modeling in Fig. 7B) , and the response to B 12 treatment would disclose the true B 12 status of a patient with abnormal v 1s unless the excretion efflux (v 2s ) is also altered. The latter case makes interpretation nearly impossible.
Practical approach to evaluation of the global metabolic response is presented in Fig. 8 . For each individual, the initial metabolic point (day 1, diamond) was related to the value after administration of B 12 (day 8, square) by calculating the response coefficient δy/δx. Judged from the day 1 measurements, the majority of participants had either "normal" or "excellent" metabolism (Fig. 8A ). Yet, 9 individuals (Fig. 8A, filled diamonds) had contradictory indications of x and y (eg, transitional x and excellent y). The ambiguous data were tested by differentiation, and 56% of the results indicated B 12 deficiency by falling below the lower confidence limit of n + e distribution ( Fig. 8B ; filled circles 1, 2, 4, 5, and 8). Such response is abnormal because only 9% of the "normal" points (Fig. 8B, open circles) fell below the limit of μ − 2σ. The presented differential method appears to be a promising tool of diagnostics, although a broader experimental data set is required to improve the accuracy.
Conclusions
The designed model of B 12 turnover in plasma was validated by good approximation of the experimental data. Manipulations with the model revealed the major sources of error affecting assessment of the vitamin status and suggested a way of their compensation. Finally, 4 markers of B 12 deficiency were mathematically connected and presented in one coordinate system, where dispersion of points was decreased. The produced probability surface exposed several frequent marker combinations suggested as the references values for different types of B 12 metabolism. The concept of wellness parameter was introduced to treat all the markers as a single variable, simplifying classification of the data. The dynamic metabolic response to B 12 administration was mathematically described as an additional method of diagnostics when classifying ambiguous cases.
valid within the interval of 0.1 ≤ x ≤ 10. The expression (A1) directly connects logarithmic and hyperbolic functions; and assuming x = S/K, one can easily obtainEq. [3] ("Methods"). For the sake of mathematical convenience, Eq. [3] was transformed to an alternative form:
where the empiric coefficients a′ and b′ are rendered in terms of quasi-Michaelis kinetics. Both a′ and b′ contain the component V = k cat ·E 0 , and they can be rewritten as a′ = a·E 0 and b′ = b·E 0 .
